This paper deals with the sensitivity analysis of 3-RPR planar parallel manipulators (PPMs). First, the sensitivity coefficients of the pose of the manipulator moving platform to variations in the geometric parameters and in the actuated variables are expressed algebraically. Moreover, two aggregate sensitivity indices are determined, one related to the orientation of the manipulator moving platform and another one related to its position. Then, a methodology is proposed to compare 3-RPR PPMs with regard to their dexterity, workspace size and sensitivity.
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Let us notice that A and B are the direct and the inverse Jacobian matrices of the manipulator, respectively. Assuming that A is non singular, i.e., the manipulator does not meet any Type II singularity [11] , we obtain upon multiplication of Eq.(6) by A −1 :
with
and
. J is the kinematic Jacobian matrix of the manipulator whereas J a , J α , J c and J β are named sensitivity Jacobian matrices of the pose of the MP to variations in a i , α i , c i and β i , respectively. Indeed, the terms of J a , J α , J c and J β are the sensitivity coefficients of the position and the orientation of the moving platform of the manipulator to variations in the Polar coordinates of points A i and C i . Likewise, J contains the sensitivity coefficients of the manipulator MP pose to variations in the prismatic actuated joints. It is noteworthy that all these sensitivity coefficients are expressed algebraically.
Let δa ix and δa iy denote the position errors of points A i , i = 1, 2, 3, along Ox and Oy, namely, the variations in the Cartesian coordinates of points A i . Likewise, let δc iX and δc iY denote the position errors of points C i along PX and PY , namely, the variations in the Cartesian coordinates of points C i .
From Fig. 1 ,
hal-00456135, version 2 -14 Mar 2010
Accordingly, from Eq. (9) and Eqs.(12a)-(b), we obtain the following relation between the pose error of the MP and variations in the Cartesian coordinates of points A i and C i :
J A and J C being named sensitivity Jacobian matrices of the pose of the MP to variations in the Cartesian coordinates of points A i and C i , respectively. Indeed, the terms of J A and J C are the sensitivity coefficients of the pose of the MP to variations in the Cartesian coordinates of points A i and C i .
In order to better highlight the sensitivity coefficients, let us write the 3 × 6 matrices J A and J C and the 3 × 3 matrix J as follows:
the 3 × 2 matrices J A i and J C i and the three dimensional vectors j i being expressed as:
q i , r i , s i and t i taking the form:
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with · 2 denoting the spectral norm, i.e., the 2-norm. As a reminder, the spectral norm of a matrix is equal to its maximum singular value.
Two Aggregate Sensitivity Indices
The pose errors of the manipulator MP depend on variations in the geometric parameters as well as on the manipulator
configuration. In order to analyze the influence of the manipulator configuration on those errors, let us first formulate some indices to assess the aggregate sensitivity of the MP pose to variations in the geometric parameters for a given manipulator configuration. To this end, let Eq.(13) be expressed as:
and δa i = δa 1x δa 1y δa 2x δa 2y δa 3x δa 3y (21a)
The 3 × 15 matrix J s can be written as follows:
From Eq.(23a), we can define an aggregate sensitivity index ν φ of the orientation of the MP of the manipulator to variations in its geometric parameters and prismatic actuated joints, namely,
n v being the number of variations that are considered. Here, n v is equal to 15.
Likewise, from Eq.(23b), an aggregate sensitivity index ν p of the position of the MP of the manipulator to variations in its geometric parameters and prismatic actuated joints can be defined as follows:
For any given manipulator configuration, the lower ν φ , the lower the overall sensitivity of the orientation its MP to variations in the geometric parameters. Similarly, the lower ν p , the lower the overall sensitivity of the MP position to variations in the geometric parameters. As a matter of fact, ν φ (ν p , resp.) characterizes the intrinsic sensitivity of the MP orientation (position, resp.) to any variation in the geometric parameters.
Let us notice that ν p as well as the sensitivity coefficients related to the MP position defined in Sections 3.1 and 3.2 are frame dependent, whereas ν φ and the sensitivity coefficients related to the MP orientation are not.
Finally, let us notice that ν φq i indices, In this section we define a methodology to compare planar parallel manipulators with regard to their dexterity, workspace size and sensitivity. This methodology is organized into four steps:
1. normalization of the geometric parameters;
2. determination of the manipulator regular dexterous workspace (RDW);
3. evaluation of the sensitivity of the MP orientation to variations in the geometric parameters throughout the RDW by means of ν φ defined in Eq. (24); 4. evaluation of the sensitivity of the MP position to variations in the geometric parameters throughout the RDW by means of ν p defined in Eq. (25) .
The radii of the circumscribed circles of the base and moving platforms of the manipulators are normalized as explained in Section 4.1. The manipulator RDW is obtained by means of an optimization problem introduced in Section 4.2.
Geometric Parameters Normalization
Let R 1 and R 2 be the radii of the base and moving platforms of the PPM. In order to come up with finite values, R 1 and R 2 are normalized. In the same vein, the dimensions of two degree-of-freedom manipulators were normalized in [12, 13, 14] .
For that matter, let N f be a normalizing factor:
Therefore,
From eqs. (27) and (28), we can notice that:
As the former two-dimensional infinite space corresponding to geometric parameters R 1 and R 2 is reduced to a one-dimensional finite space defined with Eq. (28), the workspace analysis of the 3-RPR manipulator under study is easier. Moreover, once the geometric parameters of two PPMs are normalized, the size of their RDW can be compared.
Regular Dexterous Workspace
Assessing the kinetostatic peformance of parallel manipulators is not an easy task for 6-DOF parallel manipulators [15] , but for planar manipulators it is easier as their singularities have a simple geometric interpretation [16, 17] .
The regular dexterous workspace of a manipulator (RDW) is a regular-shaped part of its workspace with good and homogeneous kinetostatic performance [18] . The shape of the RDW is up to the designer. It may be a cube, a parallelepiped, a cylinder or another regular shape. A reasonable choice is a shape that "fits well" the one of the singular surfaces. A cylinder suits well for planar manipulators.
In the scope of this study, the RDW of the PPM is supposed to be a cylinder of φ-axis with a good kinetostatic performance, i.e., the inverse condition number κ −1 F (J n ) of the normalized Jacobian matrix J n of the manipulator based on the Frobenius norm is higher than a prescribed value, κ F (·) denoting the condition number of a matrix based on the Frobenius
The normalized Jacobian matrix J n is used as the terms of the kinematic Jacobian matrix J are not homogeneous. In this case, its condition number is meaningless as its singular values cannot be arranged in order due to their different nature. J n is obtained from J by means of a characteristic length in [16] . For the particular case of planar 3-dof parallel manipulators, the use of the characteristic length to calculate the condition number makes sense as it has a geometric meaning as shown in [17] .
Indeed, the characteristic length was calculated such that, at the isotropic configuration, the manipulators is the furthest from its singular configurations, which are those where lines A i C i intersect, i = 1, . . . , 3. Here "furthest" does not relate to a distance (there is no metric in R 2 × SO(2)), but to angles between lines as explained in [17] . A geometric interpretation of the characteristic length was reported in [19] .
The RDW is obtained by solving the following optimization problem:
R being the radius of the cylinder and ∆φ the orientation range of the MP within the RDW. Here, ∆φ is supposed to be equal to π/6. This optimization problem has five decision variables, namely, x = R I x I y φ min φ max I x and I y being the Cartesian coordinates of the cylinder center, φ min and φ max being the lower and upper bounds of ∆φ, respectively. Besides, the global minimum of this optimization problem is found by means of a Tabu search Hooke and Jeeves algorithm [20] . Consequently, the RDW of the manipulator is completely defined by means of the decision variables associated with this global minimum. Finally, Eqs. (24) and (25) are used to evaluate the overall sensitivity of the MP orientation and position to variations in the geometric parameters of the manipulator throughout the RDW.
ILLUSTRATIVE EXAMPLES
This section aims at illustrating the sensitivity coefficients, indices and comparison methodology introduced in Sections 3.1, 3.2, 3.3 and 4, respectively. For that purpose, the sensitivity of an arbitrary 3-RPR PPM is first analyzed in detail.
Then, the sensitivity of four 3-RPR PPMs are compared.
Sensitivity Analysis of a general 3-RPR PPM
Let us study the 3-RPR PPM with the following geometric parameters: Let us assume that the variations in the geometric parameters and prismatic actuated joints follow a normal distribution and their tolerance range is equal to 50µm, namely, Fig. 2 and the tolerance ranges specified in Eq.(31). Let |δφ| mean be the average of the absolute orientation error of the MP and δp 2mean the 2-norm of its positioning error. From Figs. 9(a)-(b) , |δφ| mean is equal to 623µrad/m and δp 2mean is equal to 232 µm. Figures 10(a)-(b) show the isocontours of |δφ| mean and δp 2mean throughout W s . Those isocontours are similar to ν φ and ν p isocontours illustrated in Figs. 7(a)-(b) . It means that ν φ and ν p are relevant sensitivity indices of the MP pose to variations in the geometric parameters and in actuated variables.
Comparison of Two Non-Degenerate and Two Degenerate 3-RPR PPMs
In order to highlight the comparison methodology proposed in Section 4, the sensitivity of two degenerate and two nondegenerate 3-RPR PPMs is analyzed. Degenerate manipulators have a simpler direct kinematic characteristic polynomial and simpler singularity conditions. Whether they are globally more or less sensitive to geometric errors than their nondegenerate counterparts is a question of interest for the designer. First, the two degeneracy features are recalled. Then, the architectures of the four manipulators under study are illustrated. Finally, those four manipulators are compared based on the size of their regular dexterous workspace and the sensitivity of their MP pose to variations.
Degeneracy Conditions
The forward kinematic problem of a parallel manipulator often leads to complex equations and non analytic solutions, even when considering 3-DOF PPMs [22] . For those manipulators, Hunt showed that the forward kinematics admits at most six solutions [23] and some authors proved that their forward kinematics can be reduced to the solution of a sixth-degree characteristic polynomial [24, 25] . The decreasing conditions of the degree of the latter were investigated in [26] , [27] and [28] . Here, we focus on the sensitivity analysis of two classes of degenerate manipulators. The first class includes all 3-RPR manipulators with similar base and moving platforms [27] . As far as the degenerate manipulators of the second class are concerned, their moving platform is obtained from their base platform by means of a reflection [28] . For manipulators of the first class, the forward kinematics is reduced to the solution of two quadratics in cascade. For manipulators of the second class, the forward kinematics degenerates is reduced to the solution of a cubic and a quadratic in sequence. Figures 11(a)-(d) illustrate the four manipulators under study, before geometric parameters normalization, named M 1 , M 2 , M 3 and M 4 , respectively. M 1 and M 2 are non-degenerate whereas M 3 and M 4 are degenerate. In Fig. 11(a) , it is apparent that the base and moving platforms of M 1 are equilateral. From Fig. 11(b) , the base and moving platforms of M 2 are identical but in a different geometric configuration for an orientation φ = 0. M 3 and Table 1 and compared in Fig. 13 . We can notice that M 4 has the largest RDW, whereas M 2 has the smallest one.
Manipulators Under Study
1.18 0.64 0.92 1.43 (24) and (25), respectively. Finally, Table 2 gives an overall classification of M 1 , M 2 , M 3 and M 4 with regard to their RDW size and the sensitivity of their MP orientation and position to variations in their geometric parameters. We can notice that the degenerate manipulator M 4 is globally the most interesting, i.e., it has the most robust design. The sensitivity analysis of these four manipulators has been carried out with other RDWs, i.e., with different upper bounds of ∆φ and κ −1 F (J n ) in the optimization problem formulated in Section 4.2. The results are reported in [29] and it turns out that the overall classification shown in Table 2 is unchanged. 
CONCLUSIONS
This paper dealt with the sensitivity analysis of 3-RPR planar parallel manipulators (PPMs). First, the sensitivity coefficients of the pose of the manipulator moving platform to variations in the geometric parameters and in the actuated variables were expressed algebraically. Moreover, two aggregate sensitivity indices were determined, one related to the orientation of the moving platform of the manipulator and another one related to its position. Then, a methodology was proposed to compare 3-RPR PPMs with regard to their dexterity, workspace size and sensitivity. The sensitivity of a 3-RPR PPM was analyzed in detail and four 3-RPR PPMs were compared as illustrative examples. The sensitivity indices ν φ and ν p introduced in the paper should help the designer of 3-R PR PPMs at their conceptual design stage. The actuated joint limits were not considered in this study, but have to be used for the determination of the manipulator size. As a matter of fact, they can be calculated knowing the location and the size of the maximal RDW. In order to deal with this problem, the RDW can be plotted in the joint space and its smallest enveloping parallelepiped be determined. Later on, the methodology proposed in this paper will be used to compare the sensitivity of PPMs of different architectures and/or dimensions to variations in their geometric parameters. 
